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Abstract –Spin chains with two Ising symmetries are the Jordan-Wigner duals of one-dimensional
interacting fermions with particle-hole and time-reversal symmetry. From earlier works on Ma-
jorana chains, it is known that this class of models has 10 distinct topological phases. In this
paper, we analyze the physical properties of the correspondent 10 phases of the spin model. In
particular, thanks to a set of two non-commuting dualities, we determine the local and non-local
order parameters of the phases. We find that 4 phases are topologically protected by the Ising
symmetries, while the other 6 break at least one symmetry. Our study highlights the non-trivial
relation between the topological classifications of interacting bosons and fermions.
Introduction – Conventional phases of matter, like in
the Ising ferromagnet, spontaneously break a symmetry
and show a non-vanishing local order parameter. Phases
that do not break any symmetry are called topological,
and include the quantum Hall phases [1–4], the topological
insulators [5–7], and the Haldane phase [8–12]. In the last
decade, these phases were classified and generalized within
the framework of symmetry protected topological (SPT)
phases [13–15]. In particular, for interacting bosons, a
complete classification of SPT phases was achieved by ob-
serving that, for a given symmetry group G, the number
of distinct topological phases is equal to the size of a co-
homology group of G [14, 16–18]. In analogy to the clas-
sification of all crystal structures, the key question now is
to associate specific materials or Hamiltonians to the dif-
ferent SPT phases, and to study their physical properties.
Here we address this question for Ising spin chains.
The study of the topological phases of spin chains em-
anated from the detailed study of the Haldane phase. It
was found that this phase can be protected by several
symmetry groups G: (i) spin rotations, (ii) time reversal,
(iii) lattice inversion, and (iv) rotations of pi around three
orthogonal axes (Z2×Z2) [19,20]. The cohomology group
of these symmetries is Z2, indicating that these classes of
models have only one topologically non-trivial phase, the
Haldane phase [16,21,22].
Iz Iy IzIy symmetry
group G
cohomology
group [14]
parent
Hamilton.
yes yes yes ZT2 × ZT2 Z2 × Z2 m =
0,±2, 4
yes no no ZT2 Z2 m = 1,−3
no yes no ZT2 Z2 m = −1, 3
no no yes Z2 Z1 nematic
no no no Z1 Z1 canted
Table 1: The 10 phases of one-dimensional (1d) spin mod-
els with two Ising symmetries. The first 4 columns show the
symmetries preserved by each group of phases and the result-
ing symmetry group G. The 5th column lists the 2-Borel-
cohomology group H2[G,U(1)], whose number of elements is
equal to the number of topologically distinct phases in 1d
[14, 17, 18]. The 6th column lists the parent Hamiltonians, see
Eq. (2). The 8 phases listed in first 3 rows (m = −3, ..., 4)
can be mapped to the 8 phases of interacting fermions with P
and T symmetry, see Table 2. The last 2 phases correspond to
fermionic phases that spontaneously break T.
A richer topological classification can be obtained by
considering models with a symmetry group ZT2 × ZT2 ,
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where ZT2 is an anti-unitary Z2 symmetry. The correspon-
dent cohomology group is Z2×Z2, implying the existence
of 4 topologically distinct phases that do not break any
symmetry [14, 18, 23]. A simple realization of a ZT2 × ZT2
symmetry is offered by spin chains with two Ising symme-
tries1
Iz : σ
z → −σz, and Iy : σy → −σy . (1)
In addition to the 4 SPT phases, this model has 6 phases
that break at least one symmetry, for a total number of
10 phases (see Table 1). In this paper, we characterize the
physical properties of these phases by providing exactly
diagonalizable parent Hamiltonians, describing their local
and nonlocal order parameters, and identifying their edge
states.
From non-interacting fermions to spin chains –
Our strategy is based on the Jordan-Wigner transforma-
tion of known topological phases of 1d fermions. This
transformation was first introduced to solve the quan-
tum Ising model, by mapping it to a 1d system of non-
interacting fermions [24,25]. At a critical value of the Ising
coupling, the model undergoes a quantum phase transi-
tion, where the ground state degeneracy changes from 1
(paramagnet) to 2 (ferromagnet). In the fermionic lan-
guage, this is due to the appearance of zero-energy Ma-
jorana edge modes [26, 27]. This fermionic system is cur-
rently referred to as a Kitaev chain and has become very
popular due to its implications for topological quantum
computing (see Ref. [28] for an introduction).
Further topological phases of 1d fermions can be ob-
tained by stacking in parallel several Kitaev chains [29,30].
Reordering the site indexes, this is equivalent to a single
chain with longer-range couplings (see Fig. 1):
H
(m)
0 =
∑
i
(ψ†iψi+m + ψ
†
i+mψi)
+ sign(m)(ψ†iψ
†
i+m + ψi+mψi) . (2)
Here the topological index m ∈ Z determines the number
and flavor of the Majorana modes at each edge 2. Due to
the presence of zero-energy Majorana modes, each eigen-
state of Eq. (2) is 2|m|-fold degenerate 3.
The models (2) have both time-reversal (T 2 = +1)
and particle-hole (P 2 = +1) symmetry. Thus, accord-
ing to the classification of topological phases of non-
1The easiest way to see that Ising symmetries are anti-unitary is
to note that they flip the sign of the canonical commutation relations
of the spins. To better appreciate the distinction between the Ising
symmetries of Eq. (1) and the Z2 ×Z2 symmetry associated with pi
rotations around the axes we observe that the term σxi σ
y
i+1σ
z
i+2 is
symmetric under pi rotations, but not under the Ising symmetries.
And, vice versa, the term σxi is symmetric only under the latter.
2Majorana fermions appear in two flavors, often denoted by a
and b: one is the time-reversed conjugate of the other. Note that
negative m’s correspond to Kitaev chains with inverted site indexes
(i→ −i).
3The phase m has 2|m| Majorana modes (m per side), which can
be combined in a set of |m| complex fermions. Note that in the
non-interacting case, each eigenstate has the same degeneracy.
𝑚 = 0
𝑚 = 1
𝑚 = 2 𝑖 = 1 3 5 7 9𝑖 = 1 2 3 4 5
𝑖 = 1 2 3 4 5 2 4 6 8 10
𝑖 = 1 2 3 4 5 6 7 8   9𝑚 = −1 𝑖 = 1 2 3 4 5
Fig. 1: Real-space representation of topological phases of non-
interacting fermions in 1d, Eq. (2): the trivial phase (m =
0) is site factorizable. The phases with m = ±1 are Kitaev
chains with one Majorana mode at each edge. The phases
with |m| > 1 can be constructed by stacking in parallel several
Kitaev chains. For the phase m = 2, two equivalent graphical
representations are given.
interacting fermions (topological insulators and supercon-
ductors), they belong to the class BDI [5–7,31,32]: In 1d,
this symmetry group gives rise to Z distinct topological
phases, one for each possible value of m.
We now use Eq. (2) to construct parent Hamiltonians
for the topological phases of spin chains. By applying the
Jordan-Wigner transformation, one obtains the integrable
Hamiltonians:
H
(m)
0 = −
∑
i

σzi
(∏i+m−1
j=i+1 σ
x
j
)
σzi+m, m > 0
σxi , m = 0
σyi
(∏i+|m|−1
j=i+1 σ
x
j
)
σyi+|m|, m < 0
,
(3)
where ~σi = (σ
x
i , σ
y
i , σ
z
i ) are Pauli matrices. These
Hamiltonians were first introduced by M. Suzuki [33]
and are known as generalized XY models, or general-
ized cluster Ising models [30, 34–42]. The m = 2 model,
H(2) = −∑i σzi σxi+1σzi+2, is of particular interest for quan-
tum computing: Its ground state, known as the one-
dimensional cluster state [43], offers the possibility to real-
ize universal one-qubit gates via measurement based quan-
tum computations [44–46]. The Hamiltonians of the mod-
els with −4 < m ≤ 4 are explicitly shown in the 2nd
column of Table 2. Importantly, the T and P symmetry
of the fermionic Hamiltonians imply the two Ising symme-
tries of Eq. (1) for the spin models.
Two duality transformations – To characterize the
phases of the cluster Ising models, it is useful to intro-
duce two duality transformations [34, 38]. These trans-
formations reflect the symmetry of the model: they map
a magnetic field in the x direction to Ising couplings in
the z and y direction, respectively. Having introduced the
string operator
Sxi =
∏
j≤i
σxj , (4)
we can formally define the duality transformations
Dz : σ
x
i → σzi σzi+1 , σzi → Sxi ; (5)
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−3 −1 1 3−2 0 2 4
duality 𝐷𝐷𝑧𝑧
duality 𝐷𝐷𝑦𝑦
𝑚𝑚 =
Fig. 2: Configuration-space representation of topological
phases of spin-1/2 chains, Eq. (3). The phases are connected
by the duality transformations Dz and Dy, Eqs. (7) and (8).
The odd-m phases (green) are characterized by a local order
parameter, and the even-m phases (light-blue) by a nonlocal
order parameter – see Table 2 for more details. The 8 phases
shown in this graph cannot be adiabatically connected even in
the presence of integrability-breaking terms.
and
Dy : σ
x
i → σyi σyi+1 , σyi → Sxi . (6)
By definition, Dz and Dy map H
(0), respectively, to
H(1) and H(−1). What happens if we now apply Dz to
H(−1)? By using the identity σyi = iσ
x
i σ
z
i , we obtain that
Dz transforms σ
y
i σ
y
i+1 → −σzi σxi+1σzi+2, or equivalently
H(−1) → −H(2), and viceversa. By extending this argu-
ment to finite m 6= 0, we find the relations summarized in
Fig. 2:
Dz : H
(2m)
0 → −H(1−2m)0 , (7)
Dy : H
(−2m)
0 → −H(−1+2m)0 . (8)
This is the first main result of this paper: by a subsequent
alternation of Dz and Dy we can generate all the Z phases
of the non-interacting model.
We now use the duality transformations to derive the or-
der parameters of the different phases. Our starting point
is the ferromagnetic model H(1), whose order parameter is
O(1) ≡ σz. By applying subsequently the duality transfor-
mations (5) and (6), we obtain the order parameters listed
in the 3rd column of Table 2. This list allows us to detect
which symmetries are spontaneously broken in each phase
(4th column). In general, we find that two phases break
the same symmetry if and only if their m indexes differ
by a multiple of 4. In particular, the phases m = 1 and
m = −3 are ferromagnets in the z direction: both their
order parameters break the symmetry Iz : σ
z → −σz.
The phases with even m’s have nonlocal (string) order
parameter. String orders were extensively discussed in the
context of topological phases of spins [21, 47–51], bosons
[19], and fermions [52]. In particular, it was shown that
string orders exist only in systems with unitary symme-
tries [50]. Indeed, our model is symmetric under rotations
of pi around the x axis (which is equivalent to the subse-
quent application of the two Ising symmetries (1)).
The order parameters O(m) can be used to rewrite the
generalized cluster models (3) in an appealing way:
H
(m)
0 = −
∑
i
O
(m)
i O
(m)
i+1 . (9)
Because the order parameters O(m) at different sites com-
mute 4, [O
(m)
i , O
(m)
j ] = 0, these operators form a com-
plete set of integrals of motion, with eigenvalues ±1 5.
Note that, in a system of size L, the Hamiltonian (9) has
L − |m| terms. This leads to a ground state degeneracy
of 2|m|, in agreement with the fermionic analysis. This
degeneracy has two distinct origins: symmetry breaking
and edge states. For example, the ground state of H(m=1)
is doubly degenerate due to the spontaneous breaking of
the Iz symmetry. The ground state of H
(m=−3) has addi-
tionally two edge modes, σy1 and σ
y
L, which commute with
all O
(m)
i and lead to a total degeneracy of 2
3 = 8 6. As ex-
pected, these edge states are invariant under the unbroken
Iy symmetry.
The duality transformations Dz and Dy are not only
convenient theoretical tools to describe the SPT phases,
but also have practical implications in the context of quan-
tum computers. These many-body quantum systems are
not characterized by an Hamiltonian, whose ground state
can be reached by cooling to low temperatures. Instead, a
quantum computer is initially prepared in a simple prod-
uct state, usually Ψ〉 = Πi|0〉i, on which one-qubit and
two-qubit unitary operations can be applied. Ref. [53]
demonstrated experimentally that using Hadamard (H)
and controlled-Z (CZ) gates, one can prepare the ground
state of the cluster Ising model, m = 2. Their algorithm
involves two steps: in the first step one applies H gates
to each qubit independently and obtains the ground state
of the m = 0 Hamiltonian. Next, one applies CZ gates
on all neighboring spins to obtain the ground state of the
m = 2 cluster Ising model. This second step is equivalent
to the transformation DzDy, which indeed transforms the
Hamiltonian H
(0)
0 to H
(2)
0 [54].
Effects of integrability-breaking terms – The gen-
eralized cluster models of Eq. (2) have an infinite num-
ber of local order parameters (O(m) with odd m). How-
ever, when we consider the general class of models with
two Ising symmetries, the number of order parameters
must be reduced to two, one for each symmetry. To
understand how this happens, we consider the effects of
generic perturbations that preserve the two Ising sym-
metries (1). Under the Jordan-Wigner transformation,
these terms are mapped to local interactions among the
4This can be verified either by a direct evaluation, or by not-
ing that the order parameters at different sites are generated by
the application of series of duality transformations to σx operators
belonging to different sites.
5Their eigenvalues can be determined by noting that (O
(m)
i )
† =
O
(m)
i and (O
(m)
i )
2 = 1.
6Note that the physics of edge modes is not captured by the
duality transformations (7) and (8), which only apply to infinite
systems with no boundaries.
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m H
(m)
0 : parent
Hamiltonian
O(m) : order
parameter
broken
symmetry
GS
degeneracy
num. edge
modes
4 σzσxσxσxσz Sxσyσzσyσz ∅ 4 1
3 σzσxσxσz σzσyσz Iy 8 1
2 σzσxσz Sxσyσz ∅ 4 1
1 σzσz σz Iz 2 0
0 σx Sx ∅ 1 0
-1 σyσy σy Iy 2 0
-2 σyσxσy Sxσzσy ∅ 4 1
-3 σyσxσxσy σyσzσy Iz 8 1
Table 2: Physical properties of 8 phases of spin chains with two Ising symmetries. In the 2nd and 3rd column, each operator
acts on a neighboring site: for example H
(4)
0 = −
∑
i σ
z
i σ
x
i+1σ
x
i+2σ
x
i+3σ
z
i+4 and O
(4)
i = S
x
i σ
y
i+1σ
z
i+2σ
y
i+3σ
z
i+4, where the string
operator Sxi is defined in Eq. (4). The 4th column indicates which symmetry is broken by the order parameter: for example the
m = 3 phase breaks the Iy : σ
y → −σy symmetry. The last two columns refer to non-integrable models within the same phase:
the topologically non-trivial phases are characterized by one zero-energy mode per edge.
fermions: For example, σxi σ
x
i+1 is mapped to the quartic
term ψ†iψiψ
†
i+1ψi+1. In general, these fermionic terms pre-
serve both T (have a real coefficient) and P (include an
even number of fermionic operators). This type of inter-
actions were shown to adiabatically connect two phases if
(and only if) their topological indexes differ by an integer
multiple of 8. Thus, the number of topologically distinct
phases is reduced to 8 [29, 55]. In the spin language, this
leads to the 8 distinct phases listed in Table 2, and la-
beled by m = −3, ..., 4. The number and the symmetry
of these phases coincide with the expectations based on
the classification presented in Table 1.
Interactions affect the order parameters as well and, in
general, couple all order parameters with the same sym-
metry. To exemplify this effect, let us consider the par-
ent Hamiltonian H(1) whose ground state is a perfect
ferromagnet in the z direction |ψGS〉 =
∏
i |σzi = +1〉.
According to first order perturbation theory, the effect
of the interaction term V2 = σ
x
i σ
x
i+2 is proportional to
〈O(−3)i 〉 ≈ 〈ψGS |σyi σzi+1σyi+2V2|ψGS〉 + c.c. 6= 0. This cal-
culation shows that interaction can lead to a finite order
parameter O(−3) in the phase m = 1.
To study the fate of the order parameter O(1) = σz in
the phase m = −3, we consider a model that interpolates
between the parent Hamiltonians H
(1)
0 and H
(−3)
0 :
H(λ, V ) =
∑
i
(1− λ) σzi σzi+1 + λ σyi σxi+1σxi+2σyi+3
+ V
(
σzi σ
y
i+1σ
z
i+2σ
y
i+3 + σ
y
i σ
z
i+1σ
y
i+2σ
z
i+3
)
. (10)
Here V is a term that the breaks the integrability of the
model, but preserves the two Ising symmetries. Fig. 3
shows the numerically calculated excitation gap and the
order parameter O(1) as a function of λ 7. The key ob-
servation is that although the excitation gap (necessarily)
7The excitation gaps were computed by addressing the 8 low-
est states and selecting the energy of the first non-degenerate ex-
closes when going from one phase to the other, the order
parameter does not vanish at the transition. This finding
shows that the phases m = 1 and m = −3 are locally indis-
tinguishable, and their distinction is of topological nature.
Thanks to the duality transformations, we can extend this
argument to any two phases with m indexes that differ by
a multiple of 4. We deduce that as expected, two phases
share the same local order parameters, if and only if they
break the same symmetry.
To determine the number of edge states in the SPT
phases, we need to compare the degeneracy of the spin
chains with open an closed boundary conditions. In the
former case, the spin chains can be mapped to one di-
mensional fermionic models. In these models, interactions
are known to lift some of the Majorana degeneracies, and
in particular, change the ground state degeneracy of the
fermionic model with 4 Majorana edge modes (m = 4)
from 24 = 16 to 4 [55, 56]. The degeneracy of the phases
with |m| ≤ 3 are left unchanged, as summarized in Table
2. In the case of periodic boundary conditions, no edge
states are present and the ground state degeneracy of the
spin model is reduced to 1, for phases with no broken
symmetry, or 2, if one Ising symmetry is broken. We con-
clude that in the topologically trivial phases (m = 0, ±1)
the ground-state degeneracy of systems with open bound-
ary conditions is equal to the case of periodic boundary
condition. In contrast, in the topologically non-trivial
phases (|m| > 1), the former is 4 times larger than the
latter. This observation is consistent with the presence of
spin-1/2 edge modes in all three topologically non-trivial
phases, m = ±2, 4.
cited state. Note that at the transition, the ground state degeneracy
changes from 2 to 8. The order parameter is defined as the square-
root of the ground-state correlation functions for distant spins. Fig. 3
shows the result for a chain of size L = 128. We verified that no
significant finite size effect is observed, with the exception of the
critical point λ = 0.5. The calculations were performed using the
ITensor C++ Library version 1.2, http://itensor.org.
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Fig. 3: (a) Energy gap and (b) expectation value of the order
parameter O(1) = σz across the transition m = 1 → m =
−3, for the integrable model (V = 0), and in the presence of
an integrability breaking term (V = 0.3), see Eq. (10). The
phases m = 1 and m = −3 break the symmetry σz → −σz,
but are topologically distinct thanks to the Ising symmetry
Iy : σ
y → −σy.
General classification – We now connect the previ-
ous findings with the general classification of SPT phases
of interacting bosons [14, 17]. As mentioned in the intro-
duction, the Ising symmetries (1) are antiunitary, and can
be written as the product of a unitary transformation (a
pi rotation around the z or y axis, respectively) and the
spin time reversal symmetry (~σ → −~σ). Indeed, under the
Ising symmetry, the commutation relation of the spins op-
erators changes sign and becomes [σx, σy] = −2iσz. Thus,
the class of model under present consideration has two ZT2
symmetries, or equivalently a ZT2 × Z2 symmetry
This observation shows how to extend our analysis to
generic models of interacting bosons, given in terms of
bosonic creation and anihilation operators, b† and b. To
express the two Ising symmetries in the bosonic language,
we consider the approximate mapping σx = 1−2b†b, σy ≈
i(b − b†), and σz ≈ b + b†. This mapping becomes exact
in the hard-core limit, where b†b = 0, 1 and σx = ±1.
The hard-core constraint is equivalent to the addition of a
term U(b†b−1/2)2, with U →∞, and thus, can be reached
without affecting the symmetries of the model. Using this
mapping we obtain that the two Ising symmetries map to
the P and T bosonic symmetries, where T is time-reversal
symmetry (i.e. the requirement that the Hamiltonian can
be written using creation and anihilation operators with
real prefactors only) and P is parity (i.e. the conservation
of the parity of the total number of bosons).
As shown in Table 1, one dimensional models with two
Ising symmetries include 10 distinct phases (see Table 1):
When both symmetries are preserved, one obtains 4 topo-
logical phases [14, 18]. We identify these phases as the
m = 0,±2, and 4 phases of Table 2. An interesting ques-
tion involves the identification of the Haldane phase of
spin-1 chains, whose Heisenberg point belongs to our class
of models. As shown by Ref. [29], this model is topo-
logically equivalent to 4 parallel Kitaev chains8, i.e. to
the parent Hamiltonian H
(4)
0 . This result can be rational-
ized as follows: the Heisenberg model is symmetric under
any rotation, and in particular under the rotation of pi/2
around the x axis: This symmetry interchanges z with y
and corresponds to m → −m. Recalling that the phases
m and m−8 are topologically equivalent, we arrive to the
conclusion that the Heisenberg model must belong to the
m = 4 phases, where m− 8 = −4.
If one of the two Ising symmetries is broken, the prob-
lem is equivalent to the class of models with a single
ZT2 symmetry, which has 2 distinct topological phases
[16, 17, 20–22, 51]. This observation explains why our
model has two distinct phases with ferromagnetic order
in the z direction, m = 1 and m = −3 (2nd row of Table
1). Because these two phases are topologically protected
by an anti-unitary symmetry, they cannot be distinguished
by both local and string order parameters [20,50]. A simi-
lar argument holds for the two ferromagnets in the y direc-
tion (3rd row of Table 1). These findings imply that the 8
phases listed in Table 2 (corresponding to the 8 phases of
interacting fermions with unbroken P and T symmetry)
faithfully represent the first 3 rows of Table 1 (phases of
spin chains with at least one unbroken Ising symmetry).
The remaining two phases of Table 1 can be con-
structed by considering fermionic models that sponta-
neously break T. For example, this occurs if the operator
OTi = i(ψ
†
i + ψi)(ψ
†
i+1 + ψi+1) acquires a finite expecta-
tion value. The presence of the P symmetry places these
models in the topological class D, which has 2 distinct
topological phases. In the spin language, these two phases
possess a finite expectation value of OTi = σ
z
i σ
y
i+1. This
gives rise to two possible phases: a nematic phase with one
order parameter 〈σzi σyi+1〉 6= 0, and a canted ferromagnet
with two order parameters, 〈σzi 〉 6= 0 and 〈σyi 〉 6= 0. Note
that the former phase has a residual Z2 symmetry (rota-
tions of pi around the x axis), which is however insufficient
to protect further topological phases.
Summary and conclusions – In summary, we dis-
cussed the general phase diagram of spin chains with two
Ising symmetries. This class of models is equivalent, under
the Jordan-Wigner transformation, to 1d fermions with P
and T symmetry. Accordingly, we find that this class of
models has 10 distinct phases. The physical properties of
the 10 phases of the fermions and of the spins are, how-
ever, very different. In particular, in the fermionic lan-
8Note that this result is in contradiction with an explicit state-
ment of Ref. [57], who identified the Haldane phase with the cluster
Ising model H
(2)
0 . This point reserves further investigation.
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guage 2 phases spontaneously break T, and the other 8
are of topological nature and do not break any symmetry.
In contrast, in the spin language only 4 phases preserve
both Ising symmetries, 4 phases break one of them, and 2
phases break both (see Table 1).
Although we have not explicitly used this property, the
parent Hamiltonians (3) are translationally invariant. As
shown in Refs. [14, 17, 56], this symmetry can double the
number of distinct phases. In the case of an Ising coupling
σzi σ
z
i+1, for example, translationally invariant models can
be classified as ferromagnets (if the prefactor is negative)
or anti-ferromagnets (if the prefactor is positive). Simi-
larly, the number of parent Hamiltonians (3) can be dou-
bled by considering positive prefactors. Possibly, this sce-
nario can give rise to further SPT phases. Other interest-
ing routes that are open by our work include the effects of
periodic drives [42,58], disorder [59,60], or both [61,62], as
well as the extension of our study to 2 dimensions, where
the classification of SPT phases predicts several yet-to-be-
explored topologically non-trivial phases.
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